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✹✳✶ ▲❡ ❞✉❛❧ ❞✬✉♥ ❡s♣❛❝❡ ❡✉❝❧✐❞✐❡♥

❈♦♠♠❡♥ç♦♥s ♣❛r ✉♥❡ ❝♦♥st❛t❛t✐♦♥ q✉✐ ✈❛ ❥♦✉❡r ✉♥ rô❧❡ ❝r✉❝✐❛❧ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ✿

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❙♦✐t (E, ⟨⋅, ⋅⟩) ✉♥ ❡s♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ✭♦✉ ♣❧✉s ❣é♥ér❛❧❡♠❡♥t ✉♥ ❡s♣❛❝❡ ♣ré❤✐❧❜❡r✲
t✐❡♥✮✳ ❆❧♦rs✱ ♣♦✉r t♦✉t x ∈ E✱ ❧✬❛♣♣❧✐❝❛t✐♦♥ ϕx ∶ E → R ❞é✜♥✐❡ ♣❛r ϕx(y) = ⟨x, y⟩ ❡st ✉♥❡ ❢♦r♠❡
❧✐♥é❛✐r❡ s✉r E✳ ❉❡ ♣❧✉s✱ ♦♥ ❛ ϕx = OE∗ ⇔ x = OE .

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ❛✱ ♣♦✉r t♦✉t y, y′ ∈ E✱ λ ∈ R✱

ϕx(λy + y′) = ⟨x,λy + y′⟩ = λ⟨x, y⟩ + ⟨x, y′⟩ = λϕx(y) +ϕx(y′)
❞♦♥❝ ϕx ❡st ✉♥❡ ❢♦r♠❡ ❧✐♥é❛✐r❡ s✉r E✳ ❉❡ ♣❧✉s✱ s✐ x = OE ✱ ♦♥ ❛ ❝❧❛✐r❡♠❡♥t ϕx = OE∗ ✳ ■♥✈❡rsé♠❡♥t✱
s✐ ϕx = OE∗ ✱ ♦♥ ❛✱ ❡♥ ♣❛rt✐❝✉❧✐❡r✱ 0 = ϕx(x) = ⟨x,x⟩ = ∥x∥2✳ ❉♦♥❝ x = OE ✳

❚❤é♦rè♠❡ ✹✳✷ ✭❚❤é♦rè♠❡ ❞❡ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❘✐❡s③✮✳ ❙✐ (E, ⟨⋅, ⋅⟩) ❡st ✉♥ ❡s♣❛❝❡ ❡✉❝❧✐❞✐❡♥✱ ❧✬❛♣✲
♣❧✐❝❛t✐♦♥ Φ ∶ E → E∗ ❞é✜♥✐❡ ♣❛r x ↦ ϕx ❛✈❡❝ ϕx ❧❛ ❢♦r♠❡ ❧✐♥é❛✐r❡ ❞é✜♥✐❡ ❞❛♥s ❧❛ ♣r♦♣♦s✐t✐♦♥ ✹✳✶
❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ✭❞✬❡s♣❛❝❡s ✈❡❝t♦r✐❡❧s✮ ❡♥tr❡ E ❡t E∗✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣♦✉r t♦✉t ϕ ∈ E∗✱ ✐❧ ❡①✐st❡
✉♥ ✉♥✐q✉❡ x ∈ E t❡❧ q✉❡ ϕ = ϕx✳

❉é♠♦♥str❛t✐♦♥✳ ▼♦♥tr♦♥s t♦✉t ❞✬❛❜♦r❞ q✉❡ Φ ❡st ❧✐♥é❛✐r❡ ✿ ∀x,x′ ∈ E,λ ∈ R✱ ϕλx+x′ = λϕx + ϕx′ ✳
❈❡❝✐ ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡ ❞✐r❡❝t❡ ❞❡ ❧❛ ❧✐♥é❛r✐té à ❣❛✉❝❤❡ ❞✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡✳ ❊♥ ❡✛❡t✱ ♣♦✉r t♦✉t
y ∈ E✱ ♦♥ ❛

ϕλx+x′(y) = ⟨λx + x′, y⟩ = λ⟨x, y⟩ + ⟨x′, y⟩ = λϕx(y) +ϕx′(y).
P❛r ❛✐❧❧❡✉rs✱ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✶✳✷ ♠♦♥tr❡ q✉❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ Φ ❡st ✐♥❥❡❝t✐✈❡ ✭Ker (Φ) = {x ∈ E,ϕx =
OE∗} = {OE}✮ ❈♦♠♠❡ E ❡t E∗ s♦♥t ❞❡✉① ❡s♣❛❝❡s ✈❡❝t♦r✐❡❧s ❞❡ ♠ê♠❡ ❞✐♠❡♥s✐♦♥ ✭✜♥✐❡✮✱ ♦♥ ❡♥
❝♦♥❝❧✉t q✉❡ Φ ❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ❞✬❡s♣❛❝❡s ✈❡❝t♦r✐❡❧s✳

❘❡♠❛rq✉❡✳ ❈❡ rés✉❧t❛t ♥✬❡st ♣❧✉s ✈r❛✐ ❡♥ ❞✐♠❡♥s✐♦♥ ✐♥✜♥✐❡✳ ❙♦✐t✱ ♣❛r ❡①❡♠♣❧❡✱ E = R[X] ♠✉♥✐ ❞✉

♣r♦❞✉✐t s❝❛❧❛✐r❡ ⟨P,Q⟩ = ∫ 1

0

P (t)Q(t)dt ❡t ϕ ❧❛ ❢♦r♠❡ ❧✐♥é❛✐r❡ s✉r E ❞é✜♥✐❡ ♣❛r ϕ(P ) = P (1)✳
■❧ ♥✬❡①✐st❡ ♣❛s ❞❡ ♣♦❧②♥ô♠❡ Q t❡❧ q✉❡ ϕ = ϕQ✳ ❙✉♣♣♦s♦♥s✱ ❡♥ ❡✛❡t✱ q✉✬✉♥ t❡❧ ♣♦❧②♥ô♠❡ ❡①✐st❡✳
❆❧♦rs✱ ♣♦✉r t♦✉t P ∈ E✱ ♦♥ ❛✉r❛✐t ∣ϕ(P )∣ = ∣⟨P,Q⟩∣ ⩽ ∥P ∥∥Q∥ ✭❝✬❡st ❧✬✐♥é❣❛❧✐té ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✮✳



✹✷ ✹✳✷ ❋❛♠✐❧❧❡s ♦rt❤♦❣♦♥❛❧❡s ❡t ♦rt❤♦♥♦r♠❛❧❡s

Pr❡♥♦♥s P = Xk✳ ❖♥ ❛ ϕ(P ) = P (1) = 1 ♣♦✉r t♦✉t k ⩾ 1✳ ❖r✱ ∥P ∥2 = ∫ 1

0

P (t)2dt = ∫ 1

0

t2kdt =

1

2k + 1 ✳ ❉♦♥❝✱
1 = ∣ϕ(P )∣ ⩽ 1√

2k + 1∥Q∥.
❖♥ ❛rr✐✈❡ ✐❝✐ à ✉♥❡ ❝♦♥tr❛❞✐❝t✐♦♥ ❝❛r ❧❡ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ t❡♥❞ ✈❡rs ③ér♦ ❧♦rsq✉❡ k t❡♥❞ ✈❡rs +∞
❛❧♦rs q✉❡ ❧❡ ♠❡♠❜r❡ ❞❡ ❣❛✉❝❤❡ r❡st❡ é❣❛❧ à 1✳

✹✳✷ ❋❛♠✐❧❧❡s ♦rt❤♦❣♦♥❛❧❡s ❡t ♦rt❤♦♥♦r♠❛❧❡s

◆♦✉s ❛✈♦♥s ✈✉✱ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t q✉❡ ❞❡✉① ✈❡❝t❡✉rs u ❡t v s♦♥t ❞✐ts ♦rt❤♦❣♦♥❛✉① s✐⟨u, v⟩ = 0✳ ◆♦✉s ❛❧❧♦♥s ét❡♥❞r❡ ❝❡tt❡ ♥♦t✐♦♥ à ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❡❝t❡✉rs ✿

❉é✜♥✐t✐♦♥ ✹✳✸✳ ❯♥❡ ❢❛♠✐❧❧❡ (ui)1⩽i⩽p ❞❡ p ✈❡❝t❡✉rs ❞❡ E✱ p ⩾ 2 ❡st ❞✐t❡ ♦rt❤♦❣♦♥❛❧❡ s✐ s❡s ✈❡❝t❡✉rs
s♦♥t ♦rt❤♦❣♦♥❛✉① ❞❡✉① à ❞❡✉① ✿

∀i, j ∈ {1, . . . , p}, i ≠ j, ⟨ui, uj⟩ = 0,
❡❧❧❡ ❡st ❞✐t❡ ♦rt❤♦♥♦r♠é❡ ✭♦✉ ♦rt❤♦♥♦r♠❛❧❡ s✐✱ ❞❡ ♣❧✉s✱ ❧❡s ✈❡❝t❡✉rs ui s♦♥t ✉♥✐t❛✐r❡s (∥ui∥ = 1✮✱ ❝❡
q✉✬♦♥ ♣❡✉t é❝r✐r❡ s♦✉s ❧❛ ❢♦r♠❡

∀i, j ∈ {1, . . . , p}, ⟨ui, uj⟩ = δij ,
❘❡♠❛rq✉❡✳ ▲❛ s②♠étr✐❡ ❞✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ❛ss✉r❡ q✉❡ ❧❛ ♠❛tr✐❝❡ ❝❛rré❡ ❞✬♦r❞r❡ p ❞é✜♥✐❡ ♣❛r(⟨ui, uj⟩)1⩽i,j⩽p ❡st s②♠étr✐q✉❡✳ ❈❡tt❡ ♠❛tr✐❝❡ ❡st ❛♣♣❡❧é❡ ♠❛tr✐❝❡ ❞❡ ●r❛♠ ❞❡ ❧❛ ❢❛♠✐❧❧❡ (ui)1⩽i⩽p
❡t ♥♦té❡ G(u1, . . . , up)✳ P❛r ❝♦♥séq✉❡♥t✱

❼ (ui)1⩽i⩽p ❡st ✉♥❡ ❢❛♠✐❧❧❡ ♦rt❤♦❣♦♥❛❧❡ ❞❡ E ⇔ G(u1, . . . , up) ❡st ❞✐❛❣♦♥❛❧❡ ⇔ ⟨iui, uj⟩ = 0

♣♦✉r 1 ⩽ i < j ⩽ p ✭s♦✐t
p(p − 1)

2
é❣❛❧✐tés✮✳

❼ ❉❡ ♠ê♠❡ (ui)1⩽i⩽p ❡st ✉♥❡ ❢❛♠✐❧❧❡ ♦rt❤♦♥♦r♠é❡ ❞❡ E ⇔ G(u1, . . . , up) = Ip ⇔ ⟨iui, uj⟩ = δij
♣♦✉r 1 ⩽ i ⩽ j ⩽ p ✭s♦✐t

p(p + 1)
2

é❣❛❧✐tés✮✳

P❛r ❡①❡♠♣❧❡✱ ♣♦✉r ét❛❜❧✐r q✉❡ ❧❛ ❢❛♠✐❧❧❡ (u1, u2, u3) ❡st ♦rt❤♦❣♦♥❛❧❡✱ ✐❧ s✉✣r❛ ❞❡ ♠♦♥tr❡r q✉❡⟨u1, u2⟩ = ⟨u1, u3⟩ = ⟨u2, u3⟩ = 0✳ P♦✉r ✈♦✐r q✉✬❡❧❧❡ ❡st ♦rt❤♦♥♦r♠é❡✱ ✐❧ ❢❛✉❞r❛ ✈♦✐r ❞❡ ♣❧✉s q✉❡∥u1∥2 = ∥u2∥2 = ∥u3∥2 = 1✳
▲✬é❣❛❧✐té ❞❡ P②t❤❛❣♦r❡ sét❡♥❞ ❛✉① ❢❛♠✐❧❧❡s ♦rt❤♦❣♦♥❛❧❡s ✿

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳ P♦✉r t♦✉t❡ ❢❛♠✐❧❧❡ ♦rt❤♦♥♦r♠❛❧❡ (ui)1⩽i⩽p ❞❡ ✈❡❝t❡✉rs ❞❡ E✱ ♦♥ ❛

∥ p∑
i=1

ui∥
2

=
p∑
i=1

∥ui∥2.
❉é♠♦♥str❛t✐♦♥✳ ▲❛ ♣r❡✉✈❡ ❡st ✉♥ s✐♠♣❧❡ ❝❛❧❝✉❧ ✿

∥ p∑
i=1

ui∥
2

= ⟨ p∑
i=1

ui,
p∑

j=1

uj⟩ = p∑
i=1

p∑
j=1

⟨ui, uj⟩ =∑
i=j

⟨ui, uj⟩ +∑
i≠j

⟨ui, uj⟩ =∑
i

∥ui∥2.

❆tt❡♥t✐♦♥ ❝❡♣❡♥❞❛♥t✱ ❧❛ ré❝✐♣r♦q✉❡ ♥✬❡st ✈r❛✐❡ q✉❡ ♣♦✉r ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ 2 ✈❡❝t❡✉rs✳ ❖♥ ♣❡✉t

très ❜✐❡♥ ❛✈♦✐r ∥ p∑
i=1

ui∥
2

=
p∑
i=1

∥ui∥2. s❛♥s q✉❡ ❧❛ ❢❛♠✐❧❧❡ s♦✐t ♦rt❤♦❣♦♥❛❧❡ ✭ ✦✮✳ ❈♦♥s✐❞ér♦♥s ❧✬❡①❡♠♣❧❡

s✉✐✈❛♥t ❞❛♥s R
2 ✿ u1 = (1,2)✱ u2 = (0,2) ❡t u3 = (0,−1)✳ ■❧ ❡st ❢❛❝✐❧❡ ❞❡ ✈♦✐r q✉❡ ❝❡tt❡ ❢❛♠✐❧❧❡

♥✬❡st ♣❛s ♦rt❤♦♥♦r♠é❡✱ ♣❛r ❡①❡♠♣❧❡✱ ⟨u1, u2⟩ = 4 ≠ 0✳ ❈❡♣❡♥❞❛♥t✱ ♦♥ ❛ u1 + u2 + u3 = (1,3) ❞♦♥❝∥u1 + u2 + u3∥2 = 12 + 32 = 10 ❡t ∥u1∥2 + ∥u2∥2 + ∥u3∥2 = 5 + 4 + 1 = 10✳
Pr♦♣♦s✐t✐♦♥ ✹✳✺✳ ❚♦✉t❡ ❢❛♠✐❧❧❡ ♦rt❤♦❣♦♥❛❧❡ (ui)1⩽i⩽p ❞♦♥t ❛✉❝✉♥ ✈❡❝t❡✉r ♥✬❡st ♥✉❧ ✭∀i ∈ {1, . . . , p}, ui ≠
0✮ ❡st ❧✐❜r❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ t♦✉t❡ ❢❛♠✐❧❧❡ ♦rt❤♦♥♦r♠é❡ ❡st ❧✐❜r❡✳



❊s♣❛❝❡s ❡✉❝❧✐❞✐❡♥s ✹✸

❉é♠♦♥str❛t✐♦♥✳ ❙♦✐❡♥t λ1, . . . , λp ∈ R t❡❧s q✉❡
p∑
i=1

λiui = 0. ❖♥ ❛ ❛❧♦rs✱ ♣♦✉r t♦✉t j ∈ {1, . . . , p}✱

0 = ⟨uj ,
p∑
i=1

λiui = 0⟩ = p∑
i=1

λi⟨uj , ui⟩ = λj⟨ujuj⟩.
❈♦♠♠❡ uj ≠ 0✱ ♦♥ ❛ ⟨ujuj⟩ = ∥uj∥2 > 0✳ ❖♥ ❡♥ ❞é❞✉✐t ❞♦♥❝ q✉❡ λj = 0✳ ❈♦♠♠❡ ❝❡❝✐ ❡st ✈r❛✐ ♣♦✉r
t♦✉t j ∈ {1, . . . , p}✱ ❧❛ ❢❛♠✐❧❧❡ (u1, . . . , up) ❡st ❧✐❜r❡✳
❘❡♠❛rq✉❡✳ ❼ ❙✐ (u1, . . . , up) ❡st ✉♥❡ ❢❛♠✐❧❧❧❡ ♦rt❤♦❣♦♥❛❧❡ ❞♦♥t ❛✉❝✉♥ ✈❡❝t❡✉r ♥✬❡st ♥✉❧ ❛❧♦rs

((u1, . . . , sup), . . . , up∥up∥) ❡st ✉♥❡ ❢❛♠✐❧❧❡ ♦rt❤♦♥♦r♠é❡✳

❼ ▲♦rsq✉❡ p = n(= dimE)✱ s✐ (u1, . . . , un) ❡st ✉♥❡ ❢❛♠✐❧❧❡ ♦rt❤♦❣♦♥❛❧❡ ❞♦♥t ❛✉❝✉♥ ✈❡❝t❡✉r
♥✬❡st ♥✉❧ ✭r❡s♣✳ ❢❛♠✐❧❧❡ ♦rt❤♦♥♦r♠é❡✮✱ ❛❧♦rs (u1, . . . , un) ❡st ✉♥❡ ❜❛s❡ ❞❡ E q✉❛❧✐✜é❡ ❞❡ ❜❛s❡
♦rt❤♦❣♦♥❛❧❡ ✭r❡s♣✳ ♦rt❤♦♥♦r♠é❡✱ q✉♥✬♦♥ ❛❜rè❣❡r❛ ❡♥ ❇✳❖✳◆✳✮✳

❉♦♥♥♦♥s q✉❡❧q✉❡s ❡①❡♠♣❧❡s ❞❡ ❜❛s❡s ♦rt❤♦♥♦r♠é❡s ✿

✶✳ ▲❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ B0 = (e1, . . . , en) ❞❡ R
n ❡st ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡✳

✷✳ ▲❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ B0 = (Eij)1⩽i⩽n
1⩽j⩽p

❞❡ Mn,p(R) ❡st ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡ ♣♦✉r ❧❡ ♣r♦❞✉✐t

s❝❛❧❛✐r❡ ⟨A,B⟩ = tr(tAB)✳
❚❤é♦rè♠❡ ✹✳✻✳ ❙♦✐t (u1, . . . , un) ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡ ❞❡ E✳ ❆❧♦rs ❧❛ ❜❛s❡ ❞✉❛❧❡ (u∗

1
, . . . , u∗n) ❡st

❞♦♥♥é❡ ♣❛r u∗i (x) = ⟨ui, x⟩✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ ❛

✶✳ ∀x ∈ E,x =
n∑
i=1

⟨x,ui⟩ui,

✷✳ ⟨x, y⟩ = n∑
i=1

⟨x,ui⟩⟨ui, y⟩,

✸✳ ∥x∥2 = n∑
i=1

⟨x,ui⟩2✳

❉é♠♦♥str❛t✐♦♥✳ ❘❡♣r❡♥♦♥s ❧❛ ❢♦r♠✉❧❡ ✭✶✳✸✳✶✮✳ ◆♦✉s ❛✈♦♥s✱ ♣♦✉r t♦✉t x ∈ E✱ x =
n∑
i=1

u∗i (x)ui. ❊♥

♣r❡♥❛♥t ❧❡ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ❛✈❡❝ uj ✱ ♦♥ ♦❜t✐❡♥t✱ ⟨uj , x⟩ = n∑
i=1

u∗i (x)⟨uj , ui⟩ = u∗j (x)⟨uj , uj⟩ = u∗j (x),
❝❡ q✉✐ ♠♦♥tr❡ q✉❡ u∗j (x) = ⟨uj , x⟩✳ ❖♥ ❞é❞✉✐t ❞❡ ❧❛ ❢♦r♠✉❧❡ ✭✶✳✸✳✶✮ q✉❡ x =

n∑
i=1

⟨x,ui⟩ui✳ ❖♥ ❛ ❛❧♦rs

⟨x, y⟩ = ⟨ n∑
i=1

⟨ui, x⟩ui,
n∑

j=1

⟨uj , y⟩uj⟩ = n∑
i=1

n∑
j=1

⟨ui, x⟩⟨uj , y⟩⟨ui, uj⟩ = n∑
i=1

⟨ui, x⟩⟨ui, y⟩.
❖♥ ♦❜t✐❡♥t ❧✬✐❞❡♥t✐té s✉r ❧❛ ♥♦r♠❡ ❞❡ x ❡♥ ♣r❡♥❛♥t x = y ❞❛♥s ❧✬é❣❛❧✐té ♣ré❝é❞❡♥t❡✳

❚❤é♦rè♠❡ ✹✳✼✳ ❚♦✉t ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❡✉❝❧✐❞✐❡♥ E ❛❞♠❡t ❛✉ ♠♦✐♥s ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡✳

❉é♠♦♥str❛t✐♦♥✳ ◆♦✉s ❛❧❧♦♥s ♠♦♥tr❡r ❧❡ rés✉❧t❛t ♣❛r ré❝✉rr❡♥❝❡ s✉r n = dim(E)✳
❼ ❙✐ dim(E) = 1✱ s♦✐t x ∈ E ✉♥ ✈❡❝t❡✉r ♥♦♥ ♥✉❧✳ ❆❧♦rs e1 = x/∥x∥ ❡st ✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ ✭∥e1∥2 = 1✮
q✉✐ ❢♦r♠❡ ✉♥❡ ❜❛s❡ ❞❡ E✳

❼ ❙✉♣♣♦s♦♥s ♠❛✐♥t❡♥❛♥t ❧❡ rés✉❧t❛t ✈r❛✐ ❡♥ ❞✐♠❡♥s✐♦♥ n✳ ❙♦✐t (E, ⟨⋅, ⋅⟩) ✉♥ ❡s♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ❞❡
❞✐♠❡♥s✐♦♥ n + 1✳ ❙♦✐t x ∈ E ✉♥ ✈❡❝t❡✉r ♥♦♥ ♥✉❧✳ P♦s♦♥s en+1 = x/∥x∥✳ ▲✬❛♣♣❧✐❝❛t✐♦♥ ϕ ∶ E → R

❞é✜♥✐❡ ♣❛r ϕ(x) = ⟨en+1, x⟩ ❡st ✉♥❡ ❢♦r♠❡ ❧✐♥é❛✐r❡ s✉r E✱ ❡t ϕ(en+1) = ⟨en+1, en+1⟩ = ∥en+1∥2 = 1
❞♦♥❝ ϕ ≠ 0✳ ❙♦✐t H = Ker (ϕ)✳ ❆❧♦rs dim(H) = n✱ ❞♦♥❝ ❡♥ ✉t✐❧✐s❛♥t ❧✬❤②♣♦t❤ès❡ ❞❡ ré❝✉rr❡♥❝❡ H

❛❞♠❡t ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡ (e1, . . . , en)✳ P♦s♦♥s B = (e1, e2, . . . , en+1)✳ P❛r ❝♦♥str✉❝t✐♦♥✱ B ❡st
✉♥❡ ❢❛♠✐❧❧❡ ♦rt❤♦♥♦r♠é❡ ❞❡ ✈❡❝t❡✉rs ❞❡ E✳ ❊❧❧❡ ❡st ❞♦♥❝ ❧✐❜r❡✳ ❈♦♠♠❡ dim(E) = n+ 1✱ ❝✬❡st ✉♥❡
❜❛s❡ ❞❡ E✳



✹✹ ✹✳✸ ❙✉♣♣❧é♠❡♥t❛✐r❡ ♦rt❤♦❣♦♥❛❧ ❞✬✉♥ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧

❘❡♠❛rq✉❡✳ ❼ ❙✐✱ ♣❛r ❝♦♥✈❡♥t✐♦♥✱ ♦♥ ❝♦♥✈✐❡♥t q✉❡ ∅ ❡st ✉♥❡ ❜❛s❡ ✭♦rt❤♦♥♦r♠é❡✮ ❞❡ E✱ ❛❧♦rs ❧❡
t❤é♦rè♠❡ s✬ét❡♥❞ à ❧❛ ❞✐♠❡♥s✐♦♥ ③ér♦✳

❼ ❈❡ t❤é♦rè♠❡✱ ♠ê♠❡ s✬✐❧ ❡st ❝♦♥str✉❝t✐❢ ✭✐❧ ❞♦♥♥❡ ✉♥ ♠♦②❡♥ ❞❡ ❝♦♥str✉✐r❡ ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡
❞❡ E✮✱ ♥✬❡st ♣❛s ❧❛ ♠❡✐❧❧❡✉r❡ ♠ét❤♦❞❡ ♣♦✉r ❝♦♥str✉✐r❡ ❡✛❡❝t✐✈❡♠❡♥t ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡
❞❡ E✳

❼ ❈❡ t❤é♦rè♠❡ ♥♦✉s ♣❡r♠❡t ❞✬❛✣r♠❡r q✉✬à ✐s♦♠♦r♣❤✐s♠❡ ♣rès✱ ✐❧ ♥✬❡①✐st❡ q✉✬✉♥ s❡✉❧ ❡s♣❛❝❡
❡✉❝❧✐❞✐❡♥ ❞❡ ❞✐♠❡♥s✐♦♥ n✳ ❈✬❡st✱ ♣❛r ❡①❡♠♣❧❡ R

n ♠✉♥✐ ❞✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ✉s✉❡❧✳

▲❛ ♣r♦♣♦s✐t✐♦♥ s✉✐✈❛♥t❡ ❞♦♥♥❡ ✉♥❡ ❝❛r❛❝tér✐s❛t✐♦♥ ♠❛tr✐❝✐❡❧❧❡ ❞❡s ❢❛♠✐❧❧❡s ♦rt❤♦❣♦♥❛❧❡s ❡t ♦r✲
t❤♦♥♦r♠é❡s✳ ❙❛ ❞é♠♦♥str❛t✐♦♥ ❡st ✐♠♠é❞✐❛t❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✽✳ ❙♦✐t B = (e1, . . . , en) ✉♥❡ ❜❛s❡ ❞❡ E✳ ◆♦t♦♥s M = MatB(⟨⋅, ⋅⟩) ❧❛ ♠❛tr✐❝❡ ❞✉
♣r♦❞✉✐t s❝❛❧❛✐r❡ ❞❛♥s ❧❛ ❜❛s❡ B ✿ M = (mij)1⩽i,j⩽n ❛✈❡❝ mij = ⟨ei, ej⟩✳ ❆❧♦rs

✶✳ B ❡st ✉♥❡ ❜❛s❡ ♦rt❤♦❣♦♥❛❧❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ M ❡st ❞✐❛❣♦♥❛❧❡✱

✷✳ B ❡st ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ M = Idn✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ s✐ B ❡st ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡✱ ♦♥ ❛✱ ♣♦✉r t♦✉s u, v ∈ E✱

⟨u, v⟩ = tU V, ✭✹✳✷✳✶✮

❛✈❡❝ U =
⎛⎜⎝
u1⋮
un

⎞⎟⎠ ❡t V =
⎛⎜⎝
v1⋮
vn

⎞⎟⎠ ❧❡s ✈❡❝t❡✉rs ❝♦❧♦♥♥❡s ❞❡s ❝♦♦r❞♦♥♥é❡s ❞❡ u = u1e1 + ⋯ + unen ❡t

v = v1e1 +⋯+ vnen ❞❛♥s ❧❛ ❜❛s❡ B✳
✹✳✸ ❙✉♣♣❧é♠❡♥t❛✐r❡ ♦rt❤♦❣♦♥❛❧ ❞✬✉♥ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧

◆♦✉s ❛✈♦♥s ♠❛✐♥t❡♥❛♥t t♦✉s ❧❡s é❧é♠❡♥ts ❡♥ ♠❛✐♥ ♣♦✉r t❡r♠✐♥❡r ❧❛ ♣r❡✉✈❡ ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✷✶✳
▲✬✐♥❣ré❞✐❡♥t ♣r✐♥❝✐♣❛❧ ✈❛ êtr❡ ❧❡ s✉✐✈❛♥t ✿

Pr♦♣♦s✐t✐♦♥ ✹✳✾✳ ❙♦✐❡♥t A ✉♥ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❞❡ E ❡t (e1, . . . , ek) ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡ ❞❡
A ✭k = dim(A)✱ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ t❡❧❧❡ ❜❛s❡ ❡st ❣❛r❛♥t✐❡ ♣❛r ❧❡ t❤é♦rè♠❡ ✹✳✼✮✳ ❆❧♦rs✱ ❧✬❛♣♣❧✐❝❛t✐♦♥
p ∶ E → E ❞é✜♥✐❡ ♣❛r

p(x) = k∑
i=1

⟨x, ei⟩ei ✭✹✳✸✳✶✮

❡st ✉♥❡ ♣r♦❥❡❝t✐♦♥ s✉r A ♣❛r❛❧❧è❧❡♠❡♥t à A⊥ ✭Ker p = A⊥✮✳

❉é♠♦♥str❛t✐♦♥✳ P✉✐sq✉❡ ❧❡s ❛♣♣❧✐❝❛t✐♦♥s x↦ ⟨x, ei⟩ s♦♥t ❧✐♥é❛✐r❡s ✭✈♦✐r ❧❛ ♣r♦♣♦s✐t✐♦♥ ✹✳✶✮✱ ♦♥ ✈♦✐t
q✉❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ p ❡st ❧✐♥é❛✐r❡✳ ❖♥ ❛ p(x) ∈ Vect(e1, . . . , ek) = A ❞♦♥❝ Im(p) ⊂ A✳ ❖r✱ ❧❛ ❢❛♠✐❧❧❡(e1, . . . , ek) ét❛♥t ♦rt❤♦♥♦r♠é❡✱ ♦♥ ❛✱ ♣♦✉r t♦✉t j ∈ {1, . . . , k}✱

p(ej) = k∑
i=1

⟨ej , ei⟩ei = ⟨ej , ej⟩ej = ej .
▲✬✐♠❛❣❡ ❞❡ p ❝♦♥t✐❡♥t ❞♦♥❝ ❧❛ ❢❛♠✐❧❧❡ (e1, . . . , ek) q✉✐ ❡♥❣❡♥❞r❡ A ✿ Im(p) = A✳

❖♥ ❛ ❡♥s✉✐t❡

x ∈ A⊥⇔ ∀i ∈ {1, . . . , k}, ⟨x, ei⟩ = 0⇔ p(x) = 0⇔ x ∈ Ker (p)
♦ù✱ ♣♦✉r ❞é♠♦♥tr❡r ❧❛ ♣r❡♠✐èr❡ éq✉✐✈❛❧❡♥❝❡✱ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé ❧❡ ♣♦✐♥t 4 ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✷✶
✭{e1, . . . , ek}⊥ = Vect(e1, . . . , ek)⊥ = A⊥✮ ❡t✱ ♣♦✉r ❞é♠♦♥tr❡r ❧❛ s❡❝♦♥❞❡✱ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé ❧❡ ❢❛✐t
q✉❡ ❧❛ ❢❛♠✐❧❧❡ {e1, . . . , ek} ❡st ❧✐❜r❡✳

❘❡st❡ à ✈♦✐r q✉❡ p ❡st ✉♥❡ ♣r♦❥❡❝t✐♦♥✳ ❖r✱ s✐ x ∈ Im(p)✱ ♦♥ ❛ x =
k∑

j=1

xjej ❞♦♥❝ p(x) = k∑
j=1

xjp(ej) =
k∑

j=1

xjej = x ✭✈♦✐r ❧❡ ❝❛❧❝✉❧ ❢❛✐t ❛✉ ❞é❜✉t ❞❡ ❧❛ ♣r❡✉✈❡✮✳ ❈❡❝✐ ❞é♠♦♥tr❡ q✉❡ p ❡st ✉♥❡ ♣r♦❥❡❝t✐♦♥✳

❋✐♥ ❞❡ ❧❛ ♣r❡✉✈❡ ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✷✶✳ ❙♦✐t p ❧❛ ♣r♦❥❡❝t✐♦♥ ❞é✜♥✐❡ ❞❛♥s ❧❛ ♣r♦♣♦s✐t✐♦♥ ✹✳✾✳ ❆❧♦rs✱
A = Im(p) ❡t A⊥ = Ker (p)✳ ❈♦♠♠❡ p ❡st ✉♥❡ ♣r♦❥❡❝t✐♦♥✱ E = Ker (p)⊕ Im(p) = A⊥ ⊕A✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ ✈♦✐t q✉❡ dim(A⊥) = n − dim(A) ✭n = dim(E)✮✳ ❊♥ ❛♣♣❧✐q✉❛♥t ❞❡✉① ❢♦✐s ❝❡tt❡
❢♦r♠✉❧❡✱ ♦♥ ❛ dim((A⊥)⊥) = n − dim(A⊥) = n − (n − dim(A)) = dim(A)✳ ❈♦♠♠❡ A ❡t (A⊥)⊥ s♦♥t
❞❡✉① s♦✉s✲❡s♣❛❝❡s ✈❡❝t♦r✐❡❧s ❞❡ E ❛✈❡❝ A ⊂ (A⊥)⊥✱ ♦♥ ❛ ❞♦♥❝ A = (A⊥)⊥✳



❊s♣❛❝❡s ❡✉❝❧✐❞✐❡♥s ✹✺

✹✳✹ Pr♦❥❡❝t✐♦♥s ❡t s②♠étr✐❡s ♦rt❤♦❣♦♥❛❧❡s

✹✳✹✳✶ Pr♦❥❡❝t✐♦♥s ♦rt❤♦❣♦♥❛❧❡s

◆♦✉s ❛❧❧♦♥s ♠❛✐♥t❡♥❛♥t r❡✈❡♥✐r ♣❧✉s ❡♥ ❞ét❛✐❧ s✉r ❧❛ ♣r♦❥❡❝t✐♦♥ ✐♥tr♦❞✉✐t❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✹✳✸✳✶✮✳

❉é✜♥✐t✐♦♥ ✹✳✶✵✳ ❙♦✐t F ✉♥ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❞❡ E ❖♥ ❛♣♣❡❧❧❡ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ ✭♦✉
♣r♦❥❡❝t❡✉r ♦rt❤♦❣♦♥❛❧ s✉r F ❧❛ ♣r♦❥❡❝t✐♦♥ pF s✉r F ♣❛r❛❧❧è❧❡♠❡♥t à F ⊥ ✭Ker pF = F

⊥✮✳

❘❡♠❛rq✉♦♥s ❞❡✉① ❝❛s ♣❛rt✐❝✉❧✐❡rs ✿ p = IdE ✭r❡s♣✳ p = 0✮ ❡st ❧❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ s✉r E

✭r❡s♣ s✉r {0}✮✳ ◆♦✉s ✈❡rr♦♥s ♣❛r ❧❛ s✉✐t❡ ❝♦♠♠❡♥t ❝❛❧❝✉❧❡r ❧❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ s✉r F

Pr♦♣♦s✐t✐♦♥ ✹✳✶✶✳ ❙♦✐❡♥t F ✉♥ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❡t pF ❧❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ s✉r F ✳ ❆❧♦rs ✿

✶✳ pF + pF ⊥ = IdE✱
✷✳ Im(pF ) = F ❡t Ker (pF ) = F ⊥✱
✸✳ ∀x ∈ F ✱ pF (x) = x ❡t pF ⊥(x) = 0✱∀x ∈ F ⊥✱ pF (x) = 0 ❡t pF ⊥(x) = x✱
✹✳ ∀x ∈ E✱ ∥pF (x)∥ ⩽ ∥x∥✳

❉é♠♦♥str❛t✐♦♥✳ ▲❡ s❡✉❧ ♣♦✐♥t q✉✐ ♥❡ ❞é❝♦✉❧❡ ♣❛s ❞❡s ❞é✜♥✐t✐♦♥s ❡st ❧❡ ❞❡r♥✐❡r ♣♦✐♥t✳ ❖r✱ s✐ x ∈ E✱
♦♥ ❛ x = pF (x)+pF ⊥(x) ❡t ❧❡s ❞❡✉① ✈❡❝t❡✉rs pF (x) ❡t pF ⊥(x) s♦♥t ♦rt❤♦❣♦♥❛✉①✳ ❉♦♥❝✱ ❡♥ ✉t✐❧✐s❛♥t
❧❡ t❤é♦rè♠❡ ❞❡ P②t❤❛❣♦r❡✱ ♦♥ ❛ ∥x∥2 = ∥pF (x)∥2 + ∥pF ⊥(x)∥2 ⩾ ∥pF (x)∥2✳
❘❡♠❛rq✉❡✳ ❖♥ ♣❡✉t ♣r♦✉✈❡r q✉❡ s✐ p ❡st ✉♥❡ ♣r♦❥❡❝t✐♦♥ t❡❧❧❡ q✉❡ ∀x ∈ E✱ ∥p(x)∥ ⩽ ∥x∥✱ ❛❧♦rs p ❡st
✉♥❡ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡✳ ❊♥ ❡✛❡t✱ s✐ p ❡st ✉♥❡ t❡❧❧❡ ♣r♦❥❡❝t✐♦♥ ❡t s✐ x ∈ Im(p)✱ y ∈ Ker (p)✱ ♦♥ ❛

∀λ ∈ R, ∥x∥2 = ∥p(x + λy)∥2 ⩽ ∥x + λy∥2.
❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❝❡❧❛ s✐❣♥✐✜❡ q✉❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ f ∶ λ ↦ ∥x + λy∥2 ❛ ✉♥ ♠✐♥✐♠✉♠ ❡♥ λ = 0✳ ❙❛ ❞ér✐✈é❡
s✬❛♥♥✉❧❡ ❞♦♥❝ ❡♥ λ = 0✳ ❖r

f(λ) = ∥x∥2 + 2λ⟨x, y⟩ + λ2∥y∥2.
❉♦♥❝ 2⟨x, y⟩ = f ′(0) = 0✱ ❝❡ q✉✐ ❞é♠♦♥tr❡ q✉❡Ker (p) ❡t Im(p) s♦♥t ♦rt❤♦❣♦♥❛✉① ✿Ker (p) ⊂ Im(p)⊥✳
❈♦♠♠❡ dim(Ker (p)) = dim(E) − dim(Im(p)) = dim(Im(p)⊥)✱ ♦♥ ❛ Ker (p) = Im(p)⊥✱ ❝❡ q✉✐
❞é♠♦♥tr❡ q✉❡ p ❡st ❧❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ s✉r Im(p)✳

▲❡s ♣r♦❥❡❝t✐♦♥s ♦rt❤♦❣♦♥❛❧❡s s♦♥t ❞♦♥❝ ❧❡s ❡♥❞♦♠♦r♣❤✐s♠❡s ❞❡ E t❡❧s q✉❡ p ○ p = p ❡t Im(p) ⊥
Ker (p)✳ ❈❡s ♣r♦❥❡❝t✐♦♥s ♣❡✉✈❡♥t s✬é❝r✐r❡ ❞❡ ♠❛♥✐èr❡ s✐♠♣❧❡ ❞ès ❧♦rs q✉✬♦♥ ❛ ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡
❞❡ F ✭r❡s♣✳ ❞❡ F ⊥✮ ✿

Pr♦♣♦s✐t✐♦♥ ✹✳✶✷✳ ❙♦✐t F ✉♥ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❞❡ E ❞❡ ❞✐♠❡♥s✐♦♥ k✳ ❙♦✐❡♥t (e1, . . . , ek) ✉♥❡
❜❛s❡ ♦rt❤♦♥♦r♠é❡ ❞❡ F ❡t (ek+1, . . . , en) ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡ ❞❡ F ⊥✳ ❆❧♦rs

✶✳ B = (e1, . . . , ek, ek+1, . . . , en) ❡st ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡ ❞❡ E✳

✷✳ ∀x ∈ E✱ pF (x) = ∑k
i=1⟨x, ei⟩ei = x −∑n

i=k+1⟨x, ei⟩ei✱
✸✳ ∀x ∈ E✱ pF ⊥(x) = ∑n

i=k+1⟨x, ei⟩ei = x −∑k
i=1⟨x, ei⟩ei✱

✹✳ MatB(pF ) = diag(Ik,On−k) ❡t MatB(pF ⊥) = diag(Ok, In−k)✳
❉é♠♦♥str❛t✐♦♥✳ ▲❡ ♣r❡♠✐❡r ♣♦✐♥t ❡st é✈✐❞❡♥t ✿ ❧❡s ❢❛♠✐❧❧❡s ❞❡ ✈❡❝t❡✉rs (e1, . . . , ek) ❡t (ek+1, . . . , en)
s♦♥t ♦rt❤♦♥♦r♠❛❧❡s ❡t ♦rt❤♦❣♦♥❛❧❡s ❡♥tr❡ ❡❧❧❡s ✭❧❛ ♣r❡♠✐èr❡ ❢❛♠✐❧❧❡ ❡st ✉♥❡ ❢❛♠✐❧❧❧❡ ❞é❧é♠❡♥ts ❞❡
F ✱ ❧❛ s❡❝♦♥❞❡ ❞✬é❧é♠❡♥ts ❞❡ F ⊥✮✳ P♦✉r ❧❡ s❡❝♦♥❞ ❡t ❧❡ tr♦✐s✐è♠❡ ♣♦✐♥ts✱ ♦♥ r❡♥✈♦✐t ❧❡ ❧❡❝t❡✉r à ❧❛
♣r❡✉✈❡ ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✹✳✾✳ ▲❡s s❡❝♦♥❞❡s ❢♦r♠✉❧❡s s♦♥t ❜❛sé❡s s✉r ❧❡ ❢❛✐t q✉❡ pF + pF ⊥ = IdE ✳ ▲❡
q✉❛tr✐è♠❡ ♣♦✐♥t ❡st ✐♠♠é❞✐❛t✳

❙✐❣♥❛❧♦♥s ✷ ❝❛s ♣❛rt✐❝✉❧✐❡rs ✐♠♣♦rt❛♥ts ✿

❼ ❙✐ D ❡st ✉♥❡ ❞r♦✐t❡ ✈❡❝t♦r✐❡❧❧❡ ❞✐r✐❣é❡ ♣❛r u ∈ D✱ ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡ ❞❡ D ❡st ❞♦♥♥é❡ ♣❛r
u/∥u∥✳ ❉✬♦ù

pD(x) = ⟨x, u

∥u∥⟩
u

∥u∥ =
⟨x,u⟩
∥u∥2 u



✹✻ ✹✳✹ Pr♦❥❡❝t✐♦♥s ❡t s②♠étr✐❡s ♦rt❤♦❣♦♥❛❧❡s

❼ ❙✐ H ❡st ✉♥ ❤②♣❡r♣❧❛♥ ❞❡ E✱ ♦♥ ♣❡✉t é❝r✐r❡ H = Ker (ϕ) ❛✈❡❝ ϕ ✉♥❡ ❢♦r♠❡ ❧✐♥é❛✐r❡ ♥♦♥✲♥✉❧❧❡ s✉r
E✳ ❊♥ ✉t✐❧✐s❛♥t ❧❡ t❤é♦rè♠❡ ❞❡ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❘✐❡s③✱ ♦♥ ♣❡✉t é❝r✐r❡ ϕ = ϕu ♣♦✉r ✉♥ ❝❡rt❛✐♥
u ∈ E✳ ❆❧♦rs D =H⊥ = Vect(u) ❡st ✉♥❡ ❞r♦✐t❡ ✈❡❝t♦r✐❡❧❧❡ ❡t✱ ♣♦✉r t♦✉t x ∈ E✱

pH(x) = x − pD(x) = x − ⟨x,u⟩∥u∥2 u.

P❛r ❡①❡♠♣❧❡✱ ❞❛♥s E = R
3 ♠✉♥✐ ❞✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ✉s✉❡❧ ❡t ❞❡ s❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ B0 =(e1, e2, e3)✱ ❝♦♥s✐❞ér♦♥s ❧✬❤②♣❡r♣❧❛♥ ❞✬éq✉❛t✐♦♥ x1 − x2 + x3 = 0✳ ❆❧♦rs✱ H = u⊥ ❛✈❡❝ u = (1,−1,1) ❡t∥u∥ =√3✳ D = Vect(u) ❡st ❧❛ ♥♦r♠❛❧❡ à H ✿

pD(x1, x2, x3) = ⟨(x1, x2, x3), u⟩∥u∥2 (1,−1,1) = x1 − x2 + x3

3
(1,−1,1)

❡t

pH(x1, x2, x3) = (x1, x2, x3) − pD(x1, x2, x3) = (x1, x2, x3) − x1 − x2 + x3

3
(1,−1,1)

=
1

3
(2x1 + x2 − x3, x1 + 2x2 + x3,−x1 + x2 + 2x3)

❉♦♥❝

MatB0
(pH) = 1

3

⎛⎜⎝
2 1 −1
1 2 1−1 1 2

⎞⎟⎠ .

✹✳✹✳✷ ❙②♠étr✐❡s ♦rt❤♦❣♦♥❛❧❡s

❉é✜♥✐t✐♦♥ ✹✳✶✸✳ ❙♦✐t F ✉♥ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❞❡ E✳ ❖♥ ❛♣♣❡❧❧❡ s②♠étr✐❡ ♦rt❤♦❣♦♥❛❧❡ ♣❛r
r❛♣♣♦rt à F ❧❛ s②♠étr✐❡ ♣❛r r❛♣♣♦rt à F ♣❛r❛❧❧è❧❡♠❡♥t à ✭❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞❡✮ F ⊥✳ ❖♥ ❧❛ ♥♦t❡ sF ✳
❈✬❡st ❞♦♥❝ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❧✐♥é❛✐r❡ sF t❡❧❧❡ q✉❡

{ sF (x) = x s✐ x ∈ F,

sF (x) = −x s✐ x ∈ F ⊥.

❖♥ ❛ sF = 2pF − IdE = pF − pF ⊥ ❛✈❡❝ pF ❧❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ s✉r F ✳

◆♦✉s ❛✈♦♥s ❞❡✉① ❝❛s ♣❛rt✐❝✉❧✐❡rs ❞❡ s②♠étr✐❡s ♦rt❤♦❣♦♥❛❧❡s ✿ sF = IdE ✭F = E✮ ❡t sF = − IdE
✭F = {0}✮✳ P❛r♠✐ ❧❡s ❡♥❞♦♠♦r♣❤✐s♠❡s ❞❡ E✱ ❧❡s s②♠étr✐❡s ♦rt❤♦❣♦♥❛❧❡s s s♦♥t ❝❛r❛❝tér✐sé❡s ♣❛r
s ○ s = IdE ❡t Ker (s − IdE) ⊥ Ker (s + IdE)✳ ❊♥ ✉t✐❧✐s❛♥t ❧❡ ❧✐❡♥ q✉✬✐❧ ❡①✐st❡ ❡♥tr❡ s②♠étr✐❡
♦rt❤♦❣♦♥❛❧❡ ❡t ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡✱ ♦♥ ❡♥ ❞é❞✉✐t ✿

Pr♦♣♦s✐t✐♦♥ ✹✳✶✹✳ ❙♦✐t sF ❧❛ s②♠étr✐❡ ♦rt❤♦❣♦♥❛❧❡ ♣❛r r❛♣♣♦rt à F ✱ ❛❧♦rs s✐ (e1, . . . , ek) ❡st ✉♥❡
❜❛s❡ ♦rt❤♦♥♦r♠é❡ ❞❡ F ❡t (ek+1, . . . , en) ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡ ❞❡ F ⊥✱

sF (x) = 2( k∑
i=1

⟨x, ei⟩ei) − x = ( k∑
i=1

⟨x, ei⟩ei) − ( n∑
i=k+1

⟨x, ei⟩ei) .
❉❛♥s ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ♦ù s = sH ❡st ✉♥❡ s②♠étr✐❡ ♦rt❤♦❣♦♥❛❧❡ ♣❛r r❛♣♣♦rt à ✉♥ ❤②♣❡r♣❧❛♥

H = u⊥ ✭u ≠ 0✮✱ ♦♥ ❛

s(x) = sH(x) = −sRu = −(2 ⟨x,u⟩∥u∥2 u − x) = x − 2⟨x,u⟩
∥u∥2 .

❯♥❡ t❡❧❧❡ s②♠étr✐❡ ❡st ❛♣♣❡❧é❡ ré✢❡①✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✺✳ ❚♦✉t❡ s②♠étr✐❡ ♦rt❤♦❣♦♥❛❧❡ s ♣rés❡r✈❡ ❧❛ ♥♦r♠❡ ✿ ∀x ∈ E✱ ∥s(x)∥ = ∥x∥✳
■♥✈❡rsé♠❡♥t✱ t♦✉t❡ s②♠étr✐❡ ♣rés❡r✈❛♥t ❧❛ ♥♦r♠❡ ❡st ✉♥❡ s②♠étr✐❡ ♦rt❤♦❣♦♥❛❧❡✳

❉é♠♦♥str❛t✐♦♥✳ ❙✐ s ❡st ❧❛ s②♠étr✐❡ ♣❛r r❛♣♣♦rt à F ✱ ♦♥ ❛ s = pF − pF ⊥ ❞♦♥❝✱ ♣♦✉r t♦✉t s ∈ E✱
s(x) = pF (x)− pF ⊥(x)✳ ▲❡s ✈❡❝t❡✉rs pF (x) ❡t pF ⊥(x) ét❛♥t ♦rt❤♦❣♦♥❛✉①✱ ♦♥ ❡♥ ❞é❞✉✐t✱ ❡♥ ✉t✐❧✐s❛♥t
❧❡ t❤é♦rè♠❡ ❞❡ P②t❤❛❣♦r❡✱

∥s(x)∥2 = ∥pF (x) + pF ⊥(x)∥2 = ∥pF (x) − pF ⊥(x)∥2.



❊s♣❛❝❡s ❡✉❝❧✐❞✐❡♥s ✹✼

■♥✈❡rsé♠❡♥t✱ s✐ s ❡st ❧❛ s②♠étr✐❡ ♣❛r r❛♣♣♦rt à F ♣❛r❛❧❧è❧❡♠❡♥t à G✱ s✐ x ∈ F ❡t y ∈ G✱ ♦♥ ❛
s(x + y) = x − y✱ ❞♦♥❝

∥s(x − y)∥2 = ∥x − y∥2 = ∥x∥2 − 2⟨x, y⟩ + ∥y∥2.
❙✐ s ♣rés❡r✈❡ ❧❛ ♥♦r♠❡✱ ♦♥ ❛ ❞♦♥❝

∥x∥2 − 2⟨x, y⟩ + ∥y∥2 = ∥x + y∥2 = ∥x∥2 + 2⟨x, y⟩ + ∥y∥2,
❞✬♦ù ⟨x, y⟩ = 0✱ ❝❡ q✉✐ ♠♦♥tr❡ q✉❡ F ⊥ G✳ ❈♦♠♠❡ F ⊕G = E✱ ♦♥ ❛ ❞♦♥❝ G = F ⊥ ✿ s ❡st ✉♥❡ s②♠étr✐❡
♦rt❤♦❣♦♥❛❧❡✳

✹✳✺ ❉✐st❛♥❝❡ à ✉♥ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧

❉é✜♥✐t✐♦♥ ✹✳✶✻✳ ❙♦✐❡♥t x ∈ E ✉♥ ✏♣♦✐♥t ❞❡ E✑ ❡t A ✉♥❡ ♣❛rt✐❡ ♥♦♥ ✈✐❞❡ ❞❡ E✳ ❖♥ ❛♣♣❡❧❧❡ ❞✐st❛♥❝❡
❞❡ x à A✱ ♥♦té❡ d(x,A)✱ ❧❛ q✉❛♥t✐té

d(x,A) = inf
y∈A
∥x − y∥ = inf

y∈A
d(x, y).

▲✬❡①✐st❡♥❝❡ ❞❡ ❝❡ ♥♦❜r❡ ré❡❧ ❡st ❛ss✉ré❡ ♣✉✐sq✉✬✐❧ s✬❛❣✐t ❞❡ ❧❛ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ❞✬✉♥ ❡♥s❡♠❜❧❡ ♥♦♥
✈✐❞❡ ❞❡ ré❡❧s ♠✐♥♦rés ♣❛r 0✳ ❙✐ ❧✬♦♥ s✉♣♣♦s❡ q✉❡ ❧✬✐♥✜♠✉♠ ❡st ❛tt❡✐♥t ✭❝✬❡st✲à✲❞✐r❡ q✉✬✐❧ ❡①✐st❡ z ∈ A
t❡❧ q✉❡ d(x, z) = d(x,A) ❛❧♦rs z ❡st ❧❡ ✭♦✉ ♣❧✉tôt ❧✬✉♥ ❞❡s✮ ♣♦✐♥t ❞❡ A ❧❡s ♣❧✉s ♣r♦❝❤❡s ❞❡ x✳ d(x,A)
r❡♣rés❡♥t❡ ❞♦♥❝ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ x ❡t ❧❡ ♣♦✐♥t ❞❡ A ❧❡ ♣❧✉s ♣r♦❝❤❡ ♣♦ss✐❜❧❡ ❞❡ x✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ s✐
x ∈ A✱ ♦♥ ✈♦✐t q✉❡ d(x,A) = 0✳

❉❛♥s ❝❡ q✉✐ s✉✐t✱ ♥♦✉s ♥♦✉s ❧✐♠✐t❡r♦♥s ❛✉ ❝❛s ♦ù A = F ✉♥ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❞❡ E✳ ❊①❝❧✉♦♥s
t♦✉t ❞✬❛❜♦r❞ ❧❡s ✷ ❝❛s tr✐✈✐❛✉① ✿

❼ ❙✐ A = E✱ ❛❧♦rs d(x,E) = 0 ♣♦✉r t♦✉t x ∈ E✳

❼ ❙✐ A = {0}✱ ❛❧♦rs d(x,{0}) = ∥x − 0∥ = ∥x∥✳
❚❤é♦rè♠❡ ✹✳✶✼✳ ❙♦✐t F ✉♥ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ♥♦♥✲tr✐✈✐❛❧ ❞❡ E✳ ❆❧♦rs✱ ♣♦✉r t♦✉t x ∈ E✱

✶✳ ✐❧ ❡①✐st❡ ✉♥ ✉♥✐q✉❡ y ∈ F t❡❧ q✉❡ ∥x − y∥ = d(x,F )✱
✷✳ y = pF (x) ❛✈❡❝ pF ❧❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ s✉r F ✱

✸✳ d(x,F )2 = ∥x − pF (x)∥2 = ∥x∥2 − ∥pF (x)∥2 = ∥pF ⊥(x)∥2✳
❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❝❡ t❤é♦rè♠❡ ♥♦✉s ♠♦♥tr❡ q✉❡ ❧✬✐♥✜♠✉♠ d(x,F ) ❡st ❛tt❡✐♥t ❞❛♥s ❧❡ ❝❛s ♦ù F ❡st

✉♥ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧✳ P♦✉✈❡③✲✈♦✉s tr♦✉✈❡r ✉♥ ❡①❡♠♣❧❡ ❞✬✉♥❡ ♣❛rt✐❡ A ❡t ❞✬✉♥ x ∈ E t❡❧s q✉❡
❧✬✐♥✜♠✉♠ d(x,A) ♥✬❡st ♣❛s ❛tt❡✐♥t ❄
❉é♠♦♥str❛t✐♦♥✳ ❊❝r✐✈♦♥s x = pF (x)+pF ⊥(x)✳ ❖♥ ❛✱ ♣♦✉r t♦✉t y ∈ F ✱ q✉❡ pF ⊥(x) ⊥ (pF (x)−y) ❝❛r✱
♣❛r ❞é✜♥✐t✐♦♥✱ pF ⊥(x) ∈ F ⊥✳ ❉♦♥❝✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ t❤é♦rè♠❡ ❞❡ P②t❤❛❣♦r❡✱

∥x − y∥2 = ∥(pF (x) − y) + pF ⊥(x)∥2 = ∥pF (x) − y∥2 + ∥pF ⊥(x)∥2
❖♥ ✈♦✐t ❞♦♥❝ q✉❡ ∥x − y∥ ⩾ ∥pF ⊥(x)∥ ♣♦✉r t♦✉t y ∈ F ✱ ❞✬♦ù d(x,F ) ⩾ ∥pF ⊥(x)∥ ❉❡ ♣❧✉s✱ ∥x − y∥ =∥pF ⊥(x)∥ s✐ s❡✉❧❡♠❡♥t s✐ ∥pF (x) − y∥ = 0✱ ❝✬❡st✲à✲❞✐r❡ s✐ y = pF (x)✳ ❈❡❝✐ ❞é♠♦♥tr❡ ❧❡ t❤é♦rè♠❡✳

❉♦♥♥♦♥s ♠❛✐♥t❡♥❛♥t ✉♥ ❡①❡♠♣❧❡ ❞❡ ❝❛❧❝✉❧ ❞❡ ❞✐st❛♥❝❡✳ ❙♦✐t E = R3 ♠✉♥✐ ❞✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡
✉s✉❡❧ ❡t ❞❡ s❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ B0 = (e1, e2, e3)✳ ❙♦✐❡♥t H ❧✬❤②♣❡r♣❧❛♥ ❞✬éq✉❛t✐♦♥ x1 − x2 + x3 = 0

❡t x = (x0, x1, x2) ✉♥ ♣♦✐♥t ❞❡ E✳ d(x,H) = ∥pH⊥(x)∥✳ ❖r✱ H⊥ ❡st ❧❛ ❞r♦✐t❡ ❞❡ E ❞✐r✐❣é❡ ♣❛r
u = (1,−1,1) ✿

pH⊥(x) = ⟨x,u⟩∥u∥2 u, ❞♦♥❝ d(x,H) = ∥⟨x,u⟩∥u∥2 u∥ = ∣⟨x,u⟩∣∥u∥ =
∣x1 − x2 + x3∣√

3
.



✹✽ ✹✳✻ ▲✬♦rt❤♦❣♦♥❛❧✐s❛t✐♦♥ ❞❡ ●r❛♠✲❙❝❤♠✐❞t

✹✳✻ ▲✬♦rt❤♦❣♦♥❛❧✐s❛t✐♦♥ ❞❡ ●r❛♠✲❙❝❤♠✐❞t

◆♦✉s ❛❧❧♦♥s ♠❛✐♥t❡♥❛♥t ✈♦✐r ❝♦♠♠❡♥t tr❛♥s❢♦r♠❡r ✉♥❡ ❜❛s❡ ✭♦✉ ♣❧✉s ❣é♥ér❛❧❡♠❡♥t ✉♥❡ ❢❛♠✐❧❧❡
❧✐❜r❡✮ ❞❡ E ❡♥ ✉♥❡ ❜❛s❡ ✭♦✉ ❢❛♠✐❧❧❡✮ ♦rt❤♦♥♦r♠é❡✳ ❈❡tt❡ ♠ét❤♦❞❡ ❡st ❝♦♥♥✉❡ s♦✉s ❧❡ ♥♦♠ ❞✬♦rt❤♦✲
❣♦♥❛❧✐s❛t✐♦♥ ❞❡ ●r❛♠✲❙❝❤♠✐❞t✳

❚❤é♦rè♠❡ ✹✳✶✽✳ ❙♦✐t (u1, . . . , up) ✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜r❡ ❞✬é❧é♠❡♥ts ❞❡ E✳ ■❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ ❢❛♠✐❧❧❡
♦rt❤♦♥♦r♠❛❧❡ (v1, . . . , vp) ❞❡ E t❡❧❧❡ q✉❡✱ ♣♦✉r t♦✉t l ∈ {1, . . . , p}✱

✶✳ Fl = Vect(u1, . . . , ul) = Vect(v1, . . . , vl) ✭❝✬❡st✲à✲❞✐r❡ (v1, . . . , vl) ❡st ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡ ❞❡
Fl✮

✷✳ ⟨ul, vl⟩ > 0 ✭❝✬❡st✲à✲❞✐r❡ ❧✬❛♥❣❧❡ ❣é♦♠étr✐q✉❡ ❡♥tr❡ ul ❡t vl ❡st ❛✐❣✉✮✳

P❛ss❡r ❞❡ (u1, . . . , up) à (v1, . . . , vp) ❝✬❡st ♦rt❤♦❣♦♥❛❧✐s❡r (u1, . . . , up) ♣❛r ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ●r❛♠✲
❙❝❤♠✐❞t✳ ▲✬❛❧❣♦r✐t❤♠❡ ❡st ❞♦♥♥é ❞❛♥s ❧❛ ♣r❡✉✈❡✳

❉é♠♦♥str❛t✐♦♥✳ ❖♥ ❢❛✐t ✉♥❡ ré❝✉rr❡♥❝❡ ✜♥✐❡ s✉r l ∈ {1, . . . , p}✳
❼ ■♥✐t✐❛❧✐s❛t✐♦♥ ✿ ✭l = 1✮ ❖♥ ❝❤❡r❝❤❡ v1 t❡❧ q✉❡ Vect(u1) = Vect(v1) ❛✈❡❝ ∥v1∥ = 1 ❡t ⟨u1, v1⟩ > 0✳ ❖r
❧❛ ❞r♦✐t❡ ✈❡❝t♦r✐❡❧❧❡ Vect(u1) ❝♦♥t✐❡♥t ❡①❛❝t❡♠❡♥t ❞❡✉① ✈❡❝t❡✉rs ✉♥✐t❛✐r❡s u1/∥u1∥ ❡t −u1/∥u1∥✳
▲❛ ❝♦♥❞✐t✐♦♥ ⟨u1, v1⟩ > 0 ✐♠♣♦s❡ ❞❡ ❝❤♦✐s✐r

v1 =
u1∥u1∥ .

❼ ❍éré❞✐té ✿ P♦✉r ✉♥ ❡♥t✐❡r l ✜①é✱ l < p✱ s✉♣♣♦s♦♥s ♦❜t❡♥✉❡ ❞❡ ❢❛ç♦♥ ✉♥✐q✉❡ ✉♥❡ ❢❛♠✐❧❧❡ ♦rt❤♦❣♦✲
♥❛❧❡ (v1, . . . , vl) ✈ér✐✜❛♥t ❧❡s ❝♦♥❞✐t✐♦♥s é♥♦♥❝é❡s ❡t ♣r♦✉✈♦♥s ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞✬✉♥ ✈❡❝t❡✉r
vl+1 t❡❧ q✉❡

✶✳ ▲❛ ❢❛♠✐❧❧❡ (v1, . . . , vl+1) ❡st ♦rt❤♦♥♦r♠❛❧❡✱

✷✳ Fl+1 = Vect(u1, . . . , ul+1) = Vect(v1, . . . , vl+1)✱
✸✳ ⟨ul+1, vl+1⟩ > 0✳

Pr♦❥❡t♦♥s ♦rt❤♦❣♦♥❛❧❡♠❡♥t ul+1 s✉r Fl✳ ❈♦♠♠❡✱ ♣❛r ❤②♣♦t❤ès❡✱ (v1, . . . , vl) ❡st ✉♥❡ ❜❛s❡ ♦rt❤♦✲
♥♦r♠é❡ ❞❡ Fl✱ ♦♥ ❛

pFl
(ul+1) = l∑

i=1

⟨ul+1, vi⟩vi.
P♦s♦♥s ṽl+1 = ul+−1−pFl

(ul+1) = pF ⊥
l

(ul+1)✳ ❉❡ ♣❧✉s✱ ṽl+1 ∈ Vect(v1, . . . , vl, ul+1) = Vect(u1, . . . , ul+1)✳
▲❛ ❢❛♠✐❧❧❡ (v1, . . . , vl, ṽl+1) ❡st ✉♥❡ ❢❛♠✐❧❧❡ ♦rt❤♦❣♦♥❛❧❡ ❞❡ Fl+1 ❞♦♥t ❛✉❝✉♥ ❞❡s ✈❡❝t❡✉rs ♥✬❡st ♥✉❧
✭ṽl+1 ≠ 0 ❝❛r s✐♥♦♥ ♦♥ ❛✉r❛✐t ul+1 ∈ Vect(v1, . . . , vl) = Vect(u1, . . . , ul) ❝❡ q✉✐ ❝♦♥tr❡❞✐r❛✐t ❧❡ ❢❛✐t
q✉❡ (u1, . . . , ul+1) ❡st ✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜r❡✮✳ P❛r ❝♦♥séq✉❡♥t✱ (v1, . . . , vl, ṽl+1) ❡st ✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜r❡ q✉✐
❡♥❣❡♥❞r❡ ✉♥ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❞❡ Fl+1 ❞❡ ❞✐♠❡♥s✐♦♥ l + 1✳ ❈♦♠♠❡ dimFl+1 = l + 1✱ ♦♥ ❛ ❞♦♥❝
Vect(v1, . . . , vl, ṽl+1) = Fl+1✳

P❛r ❛✐❧❧❡✉rs✱ ul+1 = ṽl+1 + l∑
i=1

⟨ul+1, vi⟩vi ❞♦♥❝

⟨ul+1, ṽl+1⟩ = ⟨ṽl+1, ṽl+1⟩ + l∑
i=1

⟨ul+1, vi⟩⟨vi, ṽl+1⟩ = ⟨ṽl+1, ṽl+1⟩ > 0.
◆♦✉s ♣♦✉✈♦♥s ♠❛✐♥t❡♥❛♥t ♣♦s❡r vl+1 = ṽl+1/∥ṽl+1∥✳ ❈❡ ✈❡❝t❡✉r s❛t✐s❢❛✐t ❧❡s tr♦s ❤②♣♦t❤ès❡s q✉❡
♥♦✉s ❛✈♦♥s ✐♥❞✐q✉é❡s ♣❧✉s ❤❛✉t ❞❛♥s ❧❛ ♣r❡✉✈❡✳

❘❡st❡ ♠❛✐♥t❡♥❛♥t à ✈♦✐r ❧✬✉♥✐❝✐té ❞❡ vl+1✳ ❙✉♣♣♦s♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥ ✈❡❝t❡✉r v′l+1 s❛t✐s❢❛✐s❛♥t ❧❡s
tr♦✐s ❤②♣♦t❤ès❡s ♣♦✉r vl+1✳ ❆❧♦rs✱ ♥é❝❡ss❛✐r❡♠❡♥t v′l+1 ∈ Fl+1✳ ❈♦♠♠❡ (v1, . . . , vl+1) ❡st ✉♥❡ ❜❛s❡
♦rt❤♦♥♦r♠é❡ ❞❡ Fl+1✱ ♦♥ ❛

v′l+1 =
l+1∑
i=1

⟨v′l+1, vi⟩vi.
❖r✱ ❝♦♠♠❡ (v1, . . . , vl, v′l+1) ❡st ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡ ❞❡ Fl+1✱ ♦♥ ❛ ⟨v′l+1, v1⟩ = ⋯ = ⟨v′l+1, vl⟩ = 0✱
❞✬♦ù v′l+1 = ⟨v′l+1, vl+1⟩vl+1 ❡st ❝♦❧✐♥é❛✐r❡ à vl+1✳

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ♣ré❝é❞❡♠♠❡♥t✱ ✐❧ ♥✬❡①✐st❡ q✉❡ ❞❡✉① ✈❡❝t❡✉rs ✉♥✐t❛✐r❡s ❝♦❧✐♥é❛✐r❡s à
vl+1✱ ❝❡ s♦♥t vl+1 ❡t −vl+1 ❡t v′l+1 ❡st ♥é❝❡ss❛✐r❡♠❡♥t é❣❛❧ à ❧✬✉♥ ❞✬❡♥tr❡ ❡✉①✳ ❈♦♠♠❡✱ ❞❡ ♣❧✉s✱⟨ul+1, v

′
l+1⟩ > 0✱ ❝❡❝✐ ❡①❝❧✉t ❧❡ ❝❛s v′l+1 = −vl+1✱ ❞♦♥❝ v′l+1 = vl+1✱ ❝❡ q✉✐ ❞é♠♦♥tr❡ ❧✬✉♥✐❝✐té ❞❡ vl+1✳



❊s♣❛❝❡s ❡✉❝❧✐❞✐❡♥s ✹✾

❊♥ rés✉♠é ❧✬♦rt❤♦♥♦r♠❛❧✐sé ❞❡ ●r❛♠✲❙❝❤♠✐❞t ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜r❡ (u1, . . . , up) ❡st ♦❜t❡♥✉❡ ❞❡ ❧❛
♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

✶✳ ❖♥ ♣♦s❡ v1 =
u1∥u1∥ ✳

✷✳ ❊♥s✉✐t❡✱ ♣♦✉r t♦✉t l ∈ {2, . . . , p}✱ ♦♥ ♣♦s❡

ṽl = ul − l−1∑
i=1

⟨vi, ul⟩vi

♣✉✐s vl =
ṽl∥ṽl∥ ✳

▲❛ ❢❛♠✐❧❧❡ (v1, . . . , vp) ❡st ❛❧♦rs ❧✬♦rt❤♦♥♦r♠❛❧✐sé❡ ❞❡ ●r❛♠✲❙❝❤♠✐❞t ❞❡ (u1, . . . , up)✳
❖♥ ♦✉❜❧✐❡ ♣❛r❢♦✐s ❧❛ ♥♦r♠❛❧✐s❛t✐♦♥✱ ❝❡❧❧❡✲❝✐ ❢❛✐s❛♥t ❛♣♣❛r❛îtr❡ ❞❡s ❝♦❡✣❝✐❡♥ts ♣❛r❢♦✐s ❛ss❡③ ❝♦♠✲

♣❧✐q✉és ❡♥ ❢❛❝t❡✉r ❞❡s vl✳ ▲✬❛❧❣♦r✐t❤♠❡ ❞✬♦rt❤♦❣♦♥❛❧✐s❛t✐♦♥ ❞❡ ●r❛♠✲❙❝❤♠✐❞t ♣❡✉t ❛❧♦rs s✬é♥♦♥❝❡r
❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

✶✳ ❖♥ ♣♦s❡ ṽ1 = u1✳

✷✳ ❊♥s✉✐t❡✱ ♣♦✉r t♦✉t l ∈ {2, . . . , p}✱ ♦♥ ♣♦s❡

ṽl = ul − l−1∑
i=1

⟨ṽi, ul⟩∥ṽi∥2 ṽi.

❯♥ ♣♦✐♥t ✐♠♣♦rt❛♥t à r❡♠❛rq✉❡r ❡st q✉❡✱ ❝♦♠♠❡ ❝❤❛q✉❡ vl ❡st ❞❛♥s Fl✱ ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡
❞❡ (u1, . . . , up) à (v1, . . . , vp) ❡st ✉♥❡ ♠❛tr✐❝❡ tr✐❛♥❣✉❧❛✐r❡ s✉♣ér✐❡✉r❡✳ P❛r ❛✐❧❧❡✉rs✱ ❧❛ ❝♦♥❞✐t✐♦♥⟨ul, vl⟩ > 0 ❢❛✐t q✉❡ ❝❡tt❡ ♠❛tr✐❝❡ ❛ s❡s t❡r♠❡s ❞✐❛❣♦♥❛✉① str✐❝t❡♠❡♥t ♣♦s✐t✐❢s✳

❈❡tt❡ ♠ét❤♦❞❡ ♣❡r♠❡t ❞❡ ❝♦♥str✉✐r❡ ❞❡ ♠❛♥✐èr❡ ❡①♣❧✐❝✐t❡ ❜❛s❡s ♦rt❤♦♥♦r♠é❡s ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧
❡s♣❛❝❡ ❡✉❝❧✐❞✐❡♥✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❡❧❧❡ ♣❡r♠❡t ❞❡ r❡♥❞r❡ ❡①♣❧✐❝✐t❡s ❧❡s ❝❛❧❝✉❧s ❢❛✐ts ♣♦✉r ❧❡s ♣r♦❥❡❝t✐♦♥s
❡t ❧❡s s②♠étr✐❡s ♦rt❤♦❣♦♥❛❧❡s✳

❉♦♥♥♦♥s q✉❡❧q✉❡s ❡①❡♠♣❧❡s ❞✬♦rt❤♦♥♦r♠❛❧✐s❛t✐♦♥ ✿

❼ ❙♦✐t E = R
3 ♠✉♥✐ ❞✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ✉s✉❡❧✳ ❖♥ ❝♦♥s✐❞èr❡ ❧❛ ❜❛s❡ (u1, u2, u3) ❞❡ E ❛✈❡❝ u1 =(1,1,0)✱ u2 = (1,1,−1) ❡t u3 = (0,1,−1)✳ ❊♥ ✉t✐❧✐s❛♥t ❧❡s ♥♦t❛t✐♦♥s ♣ré❝é❞❡♥t❡s ✿

ṽ1 = u1,

v1 = ṽ1/∥ṽ1∥ = 1√
2
(1,1,0) = (

√
2

2
,

√
2

2
,0) ,

ṽ2 = u2 − ⟨u2, ṽ1⟩∥ṽ1∥2 ṽ1 = u2 − 2

2
u1 = (0,0,−1),

v2 = ṽ2/∥ṽ2∥ = (0,0,−1),
ṽ3 = u3 − ⟨u3, ṽ1⟩∥ṽ1∥2 ṽ1 − ⟨u3, ṽ2⟩∥ṽ2∥2 ṽ2

= u3 − 1

2
ṽ1 − 1

1
ṽ2 = (−1

2
,
1

2
,0) ,

v3 = ṽ2/∥ṽ2∥ =√2ṽ2 = (−
√
2

2
,

√
2

2
,0) .

▲✬♦rt❤♦♥♦r♠❛❧✐sé❡ ❞❡ ●r❛♠✲❙❝❤♠✐❞t ❞❡ ❧❛ ❜❛s❡ (u1, u2, u3) ❡st ❞♦♥❝ (v1, v2, v3) ❛✈❡❝
v1 = (

√
2

2
,

√
2

2
,0) , v2 = (0,0,−1), v3 = (−

√
2

2
,

√
2

2
,0) .

❼ ❙♦✐t E = R3[X] ♠✉♥✐ ❞✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ⟨P,Q⟩ = ∫ 1

−1
P (t)Q(t)dt✳ ◆♦✉s ❛❧❧♦♥s ❝❛❧❝✉❧❡r ❧✬♦rt❤♦✲

♥♦r♠❛❧✐sé (P0, P1, P2, P3) ❞❡ ❧❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ ✿



✺✵ ✹✳✼ ❊①❡r❝✐❝❡s

P̃0 = 1,

P0 = P̃0/∥P̃0∥ =
√
2

2
,

P̃1 =X − ⟨X, P̃0⟩∥P̃0∥2 P̃0 =X − 1

2
(∫ 1

−1
t × 1dt)1 =X,

P1 = P̃2/∥P̃1∥ = 1√∫ 1

−1 t
2dt

X =

√
3

2
X,

P̃2 =X
2 − ⟨X2, P̃0⟩∥P̃0∥2 P̃0 − ⟨X2, P̃1⟩∥P̃1∥2 P̃1

=X2 − 2/3
2
× 1 − 0

2/3X =X2 − 1

3
,

P2 = P̃2/∥P̃2∥ =
√

45

8
(X2 − 1

3
)

P̃3 =X
3 − ⟨X3, P̃0⟩∥P̃0∥2 P̃0 − ⟨X3, P̃1⟩∥P̃1∥2 P̃1 − ⟨X3, P̃2⟩∥P̃2∥2 P̃2

=X3 − 0

2
1 − 2/5

2/3X − 0

1/5X2 =X3 − 3

5
X

P3 = P̃3/∥P̃3∥ =
√

175

8
(X3 − 3

5
X) .

❖♥ ✈♦✐t ❛✈❡❝ ❝❡ ❞❡r♥✐❡r ❡①❡♠♣❧❡ ♣♦✉rq✉♦✐ ♦♥ s❡ ❧✐♠✐t❡ s♦✉✈❡♥t à ✉♥❡ ♦rt❤♦❣♦♥❛❧✐s❛t✐♦♥ s✐♠♣❧❡ ✿ ❧❡s
❝♦❡✣❝✐❡♥ts ♥é❝❡ss❛✐r❡s ♣♦✉r ♥♦r♠❛❧✐s❡r ❧❡s ✈❡❝t❡✉rs ❞❡✈✐❡♥♥❡♥t r❛♣✐❞❡♠❡♥t ❝♦♠♣❧✐q✉és✳

❯♥ ❝♦r♦❧❧❛✐r❡ ❞❡ ❧✬♦rt❤♦❣♦♥❛❧✐s❛t✐♦♥ ❞❡ ●r❛♠â❼➆❙❝❤♠✐❞t ❡st ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❈❤♦❧❡s❦②
❞✬✉♥❡ ♠❛tr✐❝❡ s②♠étr✐q✉❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡✳ ❈❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡st très ✉t✐❧❡ ♥♦t❛♠♠❡♥t ❡♥ ❛♥❛❧②s❡
♥✉♠ér✐q✉❡✳

❚❤é♦rè♠❡ ✹✳✶✾ ✭❉é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❈❤♦❧❡s❦②✮✳ ❙♦✐t M ✉♥❡ ♠❛tr✐❝❡ s②♠étr✐q✉❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡✱
✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ ♠❛tr✐❝❡ T tr✐❛♥❣✉❧❛✐r❡ s✉♣ér✐❡✉r❡ t❡❧❧❡ q✉❡ M = tTT ✳

❉é♠♦♥str❛t✐♦♥✳ ▲✬✐❞é❡ ❡st ❞❡ ✈♦✐r M = (mij)1⩽i,j⩽n ❝♦♠♠❡ ❧❛ ♠❛tr✐❝❡ ❞✬✉♥ ♣r♦❞✉✐t s❝❛❧❛✐r❡✱ ♣❛r
❡①❡♠♣❧❡ ❝❡❧✉✐ s✉r Rn ❞é✜♥✐ ♣❛r ⟨u, v⟩ =∑

i,j

mijuivj .

❙♦✐t T ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ ❞❡ ❧❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ B ❞❡ R
n à s♦♥ ♦rt❤♦❣♦♥❛❧✐sé ❞❡ ●r❛♥✲❙❝❤♠✐❞tB′ ♣♦✉r ❧❡ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ⟨⋅, ⋅⟩✳ P❛r ❝♦♥str✉❝t✐♦♥✱ ❧❛ ♠❛tr✐❝❡ T ❡st tr✐❛♥❣✉❧❛✐r❡ s✉♣ér✐❡✉r❡✳

P✉✐sq✉❡ ❧❛ ❜❛s❡ B′ ❡st ♦rt❤♦♥♦r♠❛❧❡ ♣♦✉r ❧❡ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ⟨⋅, ⋅⟩✱ s❛ ♠❛tr✐❝❡ ✭❞✉ ♣r♦❞✉✐t
s❝❛❧❛✐r❡✮ ❞❛♥s ❧❛ ❜❛s❡ B′ ❡st ❧✬✐❞❡♥t✐té✳ ❉✬♦ù

M =MatB(⟨⋅, ⋅⟩) = tT MatB′(⟨⋅, ⋅⟩)T = tT Idn T =
tTT.

✹✳✼ ❊①❡r❝✐❝❡s

❊①❡r❝✐❝❡ ✹✳✶✳ ❙♦✐❡♥t F ❡t G ❞❡✉① s♦✉s✲❡s♣❛❝❡s ✈❡❝t♦r✐❡❧s ❞✬✉♥ ❡s♣❛❝❡ ♣ré❤✐❧❜❡rt✐❡♥ ré❡❧ (E, ⟨⋅, ⋅⟩)✳
✶✳ Pr♦✉✈❡r q✉❡ (F +G)⊥ = F ⊥ ∩G⊥ ❡t F ⊥ +G⊥ ⊂ (F ∩G)⊥✳
✷✳ Pr♦✉✈❡r q✉❡ s✐ (E, ⟨⋅, ⋅⟩) ❡st ✉♥ ❡s♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ✭✐✳❡✳ dim(E) <∞✮ ❛❧♦rs dim(F ∩G)⊥ = dim(F ⊥+

G⊥)✳ ◗✉✬❡♥ ❞é❞✉✐s❡③✲✈♦✉s ❄

❊①❡r❝✐❝❡ ✹✳✷✳ ❙♦✐t (E, ⟨⋅, ⋅⟩) ✉♥ ❡s♣❛❝❡ ♣ré❤✐❧❜❡rt✐❡♥ ré❡❧ ❞♦♥t ♦♥ ♥♦t❡ ∥ ⋅ ∥ ❧❛ ♥♦r♠❡ ✐ss✉❡ ❞✉
♣r♦❞✉✐t s❝❛❧❛✐r❡ ❡t d ❧❛ ❞✐st❛♥❝❡ ❞é✜♥✐❡ ♣❛r ❝❡tt❡ ♥♦r♠❡✳ ❊♥♦♥❝❡r ❡t ♣r♦✉✈❡r ❧✬✐♥é❣❛❧✐té tr✐❛♥❣✉❧❛✐r❡
♣♦✉r d ♣✉✐s ét✉❞✐❡r s♦♥ ❝❛s ❞✬é❣❛❧✐té✳

❊①❡r❝✐❝❡ ✹✳✸✳ ❙♦✐t E = C([0,1],R) ♠✉♥✐ ❞✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ⟨f, g⟩ = ∫ 1

0

f(t)g(t)dt✳ ❖♥ ♥♦t❡

H = {f ∈ E∣f(0) = 0} ❡t G ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❝♦♥st❛♥t❡s ❞❡ [0,1] ❞❛♥s R✳



❊s♣❛❝❡s ❡✉❝❧✐❞✐❡♥s ✺✶

✶✳ ❏✉st✐✜❡r q✉❡ H ❡st ✉♥ ❤②♣❡r♣❧❛♥ ❞❡ E ❡t G ✉♥❡ ❞r♦✐t❡ ✈❡❝t♦r✐❡❧❧❡✳

✷✳ ❊♥ ❞é❞✉✐r❡ q✉❡ E = G⊕H✳

✸✳ ❉é✜♥✐r G⊥ ❡t H⊥✳

✹✳ ❙♦✐t g ∈H⊥

✭❛✮ Pr♦✉✈❡r q✉❡ ∫ 1

0

tg(t)2dt = 0✳
✭❜✮ ❊♥ ❞é❞✉✐r❡ q✉❡ ∀t ∈ R✱ g(t) = 0✳
✭❝✮ ❉ét❡r♠✐♥❡r H⊥✳

✺✳ ❆✲t✲♦♥ (H⊥)⊥ =H ❄ H ⊕H⊥ = E ❄ H⊥ +G⊥ = (H ∩G)⊥ ❄
❊①❡r❝✐❝❡ ✹✳✹✳ ❉❛♥s E = C([−a, a],R)✱ a ∈ R∗+✱ ♠✉♥✐ ❞✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ⟨f, g⟩ = ∫ a

−a
f(t)g(t)dt✱

❥✉st✐✜❡r ❧✬♦rt❤♦❣♦♥❛❧✐té ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ♣❛✐r❡s ❡t ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ✐♠♣❛✐r❡s✳

❊①❡r❝✐❝❡ ✹✳✺✳ ❉❛♥s E = R2 ♠✉♥✐ ❞✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ✉s✉❡❧ ❡t ❞❡ ❧❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ B0 = (e1, e2)✱
♦♥ ♣♦s❡ u = (√3,1) ❡t v = (1,−1)✳ ❉ét❡r♠✐♥❡r ❧❛ ♠❡s✉r❡ ❞❡ ❧✬❛♥❣❧❡ ❣é♦♠étr✐q✉❡ ✭❞❛♥s [0, π]✮ ❡♥tr❡
e1 ❡t u✱ ❡♥tr❡ e1 ❡t v ❡t ❡♥tr❡ u ❡t v✳

❊①❡r❝✐❝❡ ✹✳✻✳ ❙♦✐t F = {P ∈ R2[X]∣P (0) = 0}✳
✶✳ ❏✉st✐✜❡r q✉❡ F ❡st ✉♥ ❤②♣❡r♣❧❛♥ ❞❡ E = R2[X] ❡t ❡♥ ❞♦♥♥❡r ✉♥❡ ❜❛s❡✳

✷✳ ❖♥ ♣♦s❡ ⟨P,Q⟩ = ∫ 1

0

P (t)Q(t)dt.
✭❛✮ ❏✉st✐✜❡r q✉❡ ⟨⋅, ⋅⟩ ❡st ✉♥ ♣r♦❞✉✐t s❝❛❧❛✐r❡ s✉r E✳

✭❜✮ ❉ét❡r♠✐♥❡r ❧✬♦rt❤♦❣♦♥❛❧ ❞❡ F ✳

▼ê♠❡ q✉❡st✐♦♥ ♣♦✉r ⟨P,Q⟩ = P (0)Q(0) + P (1)Q(1) + P (2)Q(2)✳
❊①❡r❝✐❝❡ ✹✳✼✳ ❉❛♥s E = R4 ♠✉♥✐ ❞✉ ♣r♦❞✉✐t s❝❧❛✐r❡ ✉s✉❡❧ ❡t ❞❡ s❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ B0 = (e1, e2, e3, e4)✱
♦♥ ❝♦♥s✐❞èr❡ ❧✬❤②♣❡r♣❧❛♥ H ❞✬éq✉❛t✐♦♥ x − y + z + t = 0✳
✶✳ ❉ét❡r♠✐♥❡r ❧❛ ♠❛tr✐❝❡ P =MB0

(pH) ♦ù pH ❡st ❧❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ s✉r H✳ ❊♥ ❞é❞✉✐r❡ ❧❛
♠❛tr✐❝❡ S =MB0

(sH) ❛✈❡❝ sH ❧❛ ré✢❡①✐♦♥ ♣❛r r❛♣♣♦rt à H✳

✷✳ ❉é✜♥✐r ♣✉✐s ❝❛❧❝✉❧❡r α = d(e1,H) ✭✐❧❧✉str❡r ♣❛r ✉♥❡ ✜❣✉r❡✮✳
❊①❡r❝✐❝❡ ✹✳✽✳ ❉❛♥s E = R

4 ♠✉♥✐ ❞✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ✉s✉❡❧ ❡t ❞❡ s❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ B0 =
(e1, e2, e3, e4)✱ ♦♥ ❝♦♥s✐❞èr❡ ❧❡ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ F ❞✬éq✉❛t✐♦♥s {x + y + z + t = 0,

x − y + z − t = 0.
✶✳ ▲❡s ✈❡❝t❡✉rs u = (−2,3,2,−3) ❡t v = (1,1,−1,−2) ❛♣♣❛rt✐❡♥♥❡♥t✲✐❧s à F ❄

✷✳ ❉♦♥♥❡r ✉♥❡ ❜❛s❡ ❞❡ F ❡t ✉♥❡ ❜❛s❡ ❞❡ F ⊥✳

✸✳ ❉ét❡r♠✐♥❡r ❧❛ ♠❛tr✐❝❡ r❡♣rés❡♥t❛♥t pF ✱ ❧❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ s✉r F ✱ ♣✉✐s ❝❡❧❧❡ r❡♣rés❡♥t❛♥t
sF ✱ ❧❛ s②♠étr✐❡ ♦rt❤♦❣♦♥❛❧❡ ♣❛r r❛♣♣♦rt à F ❞❛♥s ❧❛ ❜❛s❡ B0✳

✹✳ ❈❛❧❝✉❧❡r ❧❛ ❞✐st❛♥❝❡ ❞❡ u à F ♣✉✐s ❝❡❧❧❡ ❞❡ v à F ✳

❊①❡r❝✐❝❡ ✹✳✾✳ ❙♦✐t E = R2[X] ♠✉♥✐ ❞✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ⟨P,Q⟩ = ∫ 1

0

P (t)Q(t)dt✳
✶✳ ❉ét❡r♠✐♥❡r ❧✬♦rt❤♦♥♦r♠❛❧✐sé❡ B = (P0, P1, P2) ❞❡ ❧❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ B0 = (1,X,X2) ❞❡ E ♣❛r ❧❡

♣r♦❝é❞é ❞❡ ●r❛♠✲❙❝❤♠✐❞t✳

✷✳ ■♥t❡r♣rét❡r ❣é♦♠étr✐q✉❡♠❡♥t ♣✉✐s ❝❛❧❝✉❧❡r α = inf
(a,b)∈R2

∫ 1

0

(t2 − at − b)2 dt. ■❧❧✉str❡r ♣❛r ✉♥❡ ✜✲

❣✉r❡✳

✸✳ ❏✉s✜t✐❡r ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡Q ∈ E t❡❧ q✉❡ ∀P ∈ E,P ′(0) = ∫ 1

0

P (t)Q(t)dt✱ ♣✉✐s ❞ét❡r♠✐♥❡r

Q✳



✺✷ ✹✳✼ ❊①❡r❝✐❝❡s

❊①❡r❝✐❝❡ ✹✳✶✵✳ ❉❛♥s E = R
4 ♠✉♥✐ ❞✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡ ✉s✉❡❧ ❡t ❞❡ s❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ B0 =(e1, e2, e3, e4)✱ ♦♥ ❝♦♥s✐❞èr❡ ❧❡s q✉❛tr❡ ✈❡❝t❡✉rs s✉✐✈❛♥ts ✿

u1 = (0,1,1,1), u2 = (1,0,1,1), u3 = (1,1,0,1), ❡t u4 = (1,1,1,0).
✶✳ ❱ér✐✜❡r q✉❡ B = (u1, u2, u3, u4) ❡st ✉♥❡ ❜❛s❡ ❞❡ E✳ ❊st✲❡❧❧❡ ♦rt❤♦❣♦♥❛❧❡ ❄

✷✳ ❖rt❤♦♥♦r♠❛❧✐s❡r B ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ●r❛♠✲❙❝❤♠✐❞t✳

✸✳ ❖♥ ♣♦s❡ F = Vect(u1, u2)✳
✭❛✮ ❉ét❡r♠✐♥❡r ❧❛ ♠❛tr✐❝❡ r❡♣rés❡♥t❛♥t pF ✱ ❧❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ s✉r F ✱ ❞❛♥s ❧❛ ❜❛s❡B0✳
✭❜✮ ❈❛❧❝✉❧❡r α = d(u3, F )✳

❊①❡r❝✐❝❡ ✹✳✶✶✳ ❙✉r E =Mn(R)✱ ♦♥ ❞é✜♥✐t ❧❛ ❢♦r♠❡ ❜✐❧✐♥é❛✐r❡ b ♣❛r b(A,B) = tr(tAB)✳
✶✳ ❏✉st✐✜❡r q✉❡ b ❞é✜♥✐t ✉♥ ♣r♦❞✉✐t s❝❛❧❛✐r❡ s✉r E✳

✷✳ ❊t❛❜❧✐r q✉❡ ❧❡s ❡s♣❛❝❡s Sn ❞❡s ♠❛tr✐❝❡s s②♠étr✐q✉❡s ❡t An ❞❡s ♠❛tr✐❝❡s ❛♥t✐s②♠étr✐q✉❡s s♦♥t
❞❡s s✉♣♣❧é♠❡♥t❛✐r❡s ♦rt❤♦❣♦♥❛✉①✳

✸✳ ❊♥ ❞é❞✉✐r❡ ❧❛ ❞✐st❛♥❝❡ ❞✬✉♥❡ ♠❛tr✐❝❡ A à Sn ✭♣♦✉r ❧❛ ❞✐st❛♥❝❡ ❛ss♦❝✐é❡ ❛✉ ♣r♦❞✉✐t s❝❛❧❛✐r❡ b✮✳

❊①❡r❝✐❝❡ ✹✳✶✷ ✭▼❛tr✐❝❡s ❞❡ ●r❛♠✮✳ ❆ ❝❤❛q✉❡ ❢❛♠✐❧❧❡ (u1, . . . , un) ❞❡ n ✈❡❝t❡✉rs ✭n ∈ N∗✮ ❞✬✉♥
❡s♣❛❝❡ ♣ré❤✐❧❜❡rt✐❡♥ ré❡❧✱ ♦♥ ❛ss♦❝✐❡ s❛ ♠❛tr✐❝❡ ❡t s♦♥ ❞ét❡r♠✐♥❛♥t ❞❡ ●r❛♠ r❡s♣❡❝t✐✈❡♠❡♥t ❞é✜♥✐s
❝♦♠♠❡ s✉✐t ✿

G(u1, . . . , un) = (⟨ui, uj⟩)1⩽i,j⩽n ❡t g(u1, . . . , un) = det(G(u1, . . . , un)).
✶✳ Pr♦✉✈❡r q✉❡ ❧❛ ❢❛♠✐❧❧❡ (u1, . . . , un) ❡st ❧✐é❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ g(u1, . . . , un) = 0✳ ❖♥ s✉♣♣♦s❡

❞és♦r♠❛✐s q✉❡ ❧❛ ❢❛♠✐❧❧❡ ❡st ❧✐❜r❡ ❡t ♦♥ ♣♦s❡ F = Vect(u1, . . . , un)✳
✷✳ ◗✉❡❧❧❡ ❡st ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ F ❄ ◗✉❡ r❡♣rés❡♥t❡ ❛❧♦rs G(u1, . . . , un) ❄
✸✳ ❙♦✐t B ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡ ❞❡ F ✳

✭❛✮ Pr♦✉✈❡r q✉❡ G(u1, . . . , un) = tPP ❛✈❡❝ P ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ ❞❡ (u1, . . . , un) à B✳
✭❜✮ ❊♥ ❞é❞✉✐r❡ q✉❡ g(u1, . . . , un) > 0✳

✹✳ ❉é❞✉✐r❡ ❞❡ ❝❡ q✉✐ ♣ré❝è❞❡ ✉♥❡ ♣r❡✉✈❡ ❞❡ ❧✬✐♥é❣❛❧✐té ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❡t ❞❡ s♦♥ ❝❛s ❞✬é❣❛❧✐té✳

✺✳ Pr♦✉✈❡r q✉❡ ♣♦✉r t♦✉t v ∈ E✱ ♦♥ ❛

d(v,F )2 = g(u1, . . . , un, v)
g(u1, . . . , un) .

✻✳ ❘❡tr♦✉✈❡r✱ ❣râ❝❡ à ❝❡tt❡ ❢♦r♠✉❧❡✱ ❧❡ rés✉❧t❛t ❞❡ ❧❛ ❞❡r♥✐èr❡ q✉❡st✐♦♥ ❞❡ ❧✬❡①❡r❝✐❝❡ ✹✳✶✵✳ ❈♦♠♠❡♥✲
t❡r✳


